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Abstract

In temperature-modulated calorimetry, the condition in sample amount, especially thickness, required for high-accuracy

heat capacity measurement should be made clear. We propose the condition of maximum thickness of a sample for measuring

heat capacity within an accuracy of 1%. The other important factor for high-accuracy heat capacity measurement is thermal

contact conductance between a sample and a sample pan and also that between a pan and a base plate of an apparatus. The

conditions in these thermal contact conductances required for high-accuracy heat capacity measurement are discussed.

Among them, if only thermal contact conductance between a pan and a base plate is signi®cant, there is an ingenious

method to measure heat capacity with high accuracy. Furthermore, if the thermal contact conductance between a pan and a

base plate is in®nite, we offer a simple method to obtain complex heat capacity. # 1999 Elsevier Science B.V. All rights

reserved.
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1. Introduction

During the 5th LaÈhnwitzseminar on Calorimetry, a

lot of stimulative discussions on heat capacity

measurements using a temperature-modulated calori-

metry have been made. We have learned that some-

times discussions cause some complication. This is

usually the case in the beginning of the research in new

®elds. However, we think that it is better to draw

common concept in order to be widespread over

researchers who have good understanding in this

method. From this viewpoint, we will try to solve

some problems that are important but still not clear

yet.

The problems are the proper thickness of a sample,

the contribution of the thermal contact between a

sample and a sample pan and also that between a

sample pan and a base plate of an apparatus, the

calibration of the heat capacity, and a method to obtain

complex heat capacity. The similar study performed

by Merzlyakov and Schick [1] had been presented in

the 5th LaÈhnwitzseminar on Calorimetry. A part of the

present paper and their paper are complement.

In the present study, we will consider the above

problems and show conditions for the high-accuracy

heat capacity measurements.
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2. Conditions for high-accuracy heat capacity
measurement

2.1. Sample thickness

To perform heat capacity measurements by periodic

heating methods, generally it is required that the

thermal diffusion length is much larger than sample

thickness, because the temperature in accordance with

periodic heating should be changed uniformly over a

sample. In periodic heating, both the thermal wave

number and the thermal decay constant in a material

are given by the same expression as

k �
�����
�f

D

r
�

����������
�f�c

�

r
; (1)

where f is the frequency, D the thermal diffusivity, �
the density, c the heat capacity and � is the thermal

conductivity. Here, 1/k is called thermal diffusion

length. As seen in Eq. (1), the magnitude of k depends

not only on frequency but also on thermophysical

properties of a sample.

To consider further, let us discuss the case that a

cylindrical bulk material which is a model of a sample

with thickness of L and the circular surface, whose

area is a at the bottom (x�0), is heated by applying

heat ¯ux per unit area of q exp(i2�ft) as illustrated in

Fig. 1. The ac temperature at the bottom is given by

[2]
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where the phase ' is given by

' � tanÿ1 sin�2kL�
sinh�2kL� :

When kL is smaller than unity, we can approxi-

mately obtain the following expression:

T�0�� qa

i2�f�cLa
1�14

45
�kL�4

� �
exp i

2

3
�kL�2

� �
:

(4)

Heat capacity observed is modi®ed by contributions

of the thickness of a sample as seen in Eq. (4). As will

be seen in Eq. (7), by taking into account the largest

contribution to modifying the heat capacity C, Eq. (4)

is rewritten as

T�0� � qa

i2�f�cLa
1� 14

45
�kL�4

� �
: (5)

Then, to determine heat capacity C (��cLa) within

accuracy of 1% the following condition is required:

14

45
�kL�4 � 0:01; i:e:; kL � 0:4: (6)

Therefore, the thickness of a sample required at the

maximum is 0.4/k (�0:4
���������������������=�f�c�p

). When the con-

dition of Eq. (6) is suf®ciently satis®ed, T(0) is

expressed as

T�0� � Q

i2�fC
; (7)

where Q is qa.

For a disk-like sapphire sample, let us consider the

condition of Eq. (6). Since thermal diffusivity is about

0.14 cm2 sÿ1, at a period of 60 s (f�0.017 Hz) k is

about 0.6 cmÿ1. Then, to measure the heat capacity

within accuracy of 1% the maximum thickness L

should be: Lmax�0.7 cm.

Practically, when the bottom of the disk is 0.20 cm2,

the maximum weight is about 800 mg. As expected

from Eq. (5) the apparent heat capacity measured

becomes smaller when the sample weight is heavier.

In connection with this fact, Boller et al. [3] have

measured the dependence of apparent heat capacity on

weight in sapphire samples. They have pointed out

that the decrease of the apparent heat capacity is due to

the low thermal conductivity of sapphire samples.

However, this is not the case since their results deviate
Fig. 1. A cylindrical rod-like sample periodically heated at the

bottom.
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below 100 mg, which is far lower than 800 mg. Then,

the deviation of their results might be caused by the

effects of thermal contact conductance between a

sample and a sample pan and/or thermal contact

conductance between a sample pan and a base plate

as discussed below.

For a polystyrene ®lm, the thermal diffusivity is

about 0.001 cm2 sÿ1. Then, since k is about 7 cmÿ1 at

a period of 60 s, the maximum thickness required for

heat capacity measurement within accuracy of 1% is

given as Lmax�0.06 cm.

Then, we will claim that before setting a sample

into a sample pan a sample should be chosen so

as to satisfy the condition of Eq. (6). Even if we

use such a sample and get smaller heat capacity

with increasing the weight of a sample, the behavior

might be caused by the other factors, e.g., ®nite

thermal contact conductance between a sample and

a sample pan and/or between a sample pan and a

base plate. They are considered in the following

subsection.

2.2. Thermal contact conductance

First we consider the contribution of the thermal

contact conductance Ksi between a sample and a

sample pan. This system is expressed in terms of a

model as shown in Fig. 2. The characteristic relaxa-

tion time � i of the system is given by

�i � Csi

Ksi

; (8)

where Csi is heat capacity of a sample. Therefore, to

exclude the contribution of the thermal contact con-

ductance, i.e., to attain quick response, 2�f� i should be

small, i.e., the lower frequency, the smaller heat

capacity (the lighter weight of a sample) and the

bigger thermal contact conductance are the better.

Generally, it is dif®cult to estimate the magnitude

of Ksi. Then, at least the former two quantities should

be chosen so as to satisfy the condition so that the

contribution of Ksi can be ignored.

Second we consider the contribution of the thermal

contact conductance between a sample pan and a base

plate of an apparatus. In this consideration we discuss

further under the condition that the thermal contact

conductance between a sample and a sample pan is

in®nite. Then, this thermal system is similar to that

shown in Fig. 2, but the sample and the sample pan are

replaced by a sample pan including a sample and a

base plate, respectively, where the sample and the

sample pan are uni®ed thermally. Therefore, it results

in the fact that the lower frequency, the smaller total

heat capacity composed of a sample and a sample pan

and the bigger thermal contact conductance are the

better.

In both the cases, when the above relaxation times

become longer than 1/2�f, i. e., the weight of a sample

is heavier, the measured heat capacity deviates from

the true heat capacity.

2.3. Correction for high-accuracy heat capacity

measurement

When both a sample pan and a reference pan are

put on a base plate as in a standard differential

scanning calorimetry, there are two uncontrollable

thermal contact conductances between a pan and a

base plate even if thermal contact conductance

between a sample and a sample pan is in®nite. Then,

we have pointed out that it is much simple to use

only a sample pan in the sample side where there

remains only an uncontrollable parameter [4,5]. In

such a setup, we have developed an ingenious

method to analyze the experimental results and to

obtain heat capacity with high accuracy [4,5]. In this

case, a model for a thermal system of an apparatus is

given as in Fig. 3, where there is a thermal contact

conductance between a sample pan and a base

plate, K0. We measure ac temperature of the sample

side at the base plate, Ts0, and the ac temperature

Fig. 2. A model for thermal contact conductance between a sample

and a sample pan. The conductance and the heat capacity of the

sample are given by Ksi and Csi, respectively. The same model can

be applied to that for thermal contact conductance between a

sample pan and a base plate of an apparatus.
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difference between the sample and the reference sides

at the base plate, �T(�Tr0ÿTs0). These are given by

the following relations:

Ts0 � As exp�i�2�ft � "��; (9)

�T � A�exp�i�2�ft � ���; (10)

where As and A� are amplitudes and " and � are

phases. In a naõÈve calculation, the so-called measured

heat capacity including that of a sample pan, Cs(mea-

sured) can be expressed as

Cs�measured� � KA�

2�fAs

; (11)

where K is thermal conductance between a base plate

and a thermal bath. Usually the measured heat capa-

city does not agree with the true heat capacity in

temperature-modulated calorimetry. Then, we should

correct the measured heat capacity and thus corrected

heat capacity is expressed as Cs(corrected). In the case

of a model of Fig. 3, the ratio of Cs(measured) and

Cs(corrected)(�Cs) and the phase difference �ÿ" are

given in [4]

Cs�measured�
Cs�corrected�
� 1

�1� �2�f �s�2�1=2�1� �2�f �0�2�1=2
; (12)

sin��ÿ"�� 1ÿ �2�f �s��2�f �0�
�1� �2�f �s�2�1=2�1� �2�f �0�2�1=2

;

(13)

where two characteristic relaxation times � s and �0 are

given as

�s � Cs

K 0
; (14)

�0 � C0

K
; (15)

where C0 is the heat capacity of the base plate. In

Eqs. (12) and (13), at a measuring frequency f, � s and

�0 are common parameters and furthermore � s

depends on Cs and on the other hand, �0 is a constant.

Then, by measuring the ratio of Eq. (12) and the phase

difference of Eq. (13) using a standard material whose

heat capacity is known, we can obtain a single relation

between the ratio and the phase difference as a func-

tion of the heat capacity Cs. Therefore, based upon this

relation we can determine the heat capacity of the

unknown sample, i.e., from the measured phase dif-

ference we can obtain the ratio of the heat capacities

and ®nally, Cs(corrected) is able to determined. Within

the framework of the present model, it has been

concluded that, even if there is an uncontrollable

parameter K0, we can obtain heat capacity of a sample

based upon a single calibration curve [4,5]. Then, it is

strongly recommended to perform the heat capacity

measurement without a reference pan.

Furthermore, when the relaxation time � s is far

shorter than 1/2�f, Eqs. (12) and (13) tend, respec-

tively, to

Cs�measured�
Cs�corrected� �

1

�1� �2�f �0�2�1=2
; (16)

sin�� ÿ "� � 1

�1� �2�f �0�2�1=2
: (17)

As expected from Eq. (14), the above two expres-

sions, Eqs. (16) and (17), hold under the condition of

smaller Cs and/or larger K0 in addition to smaller f. The

condition is similar to that pointed out in the previous

Section 2.2. Furthermore, Cs(measured)/Cs(corrected)

becomes apparently smaller in a thicker sample as

discussed in Section 2.1. There are a lot of reasons

which results in small Cs(measured)/Cs(corrected),

however, we cannot distinguish them easily. Then,

careful treatment in the analysis of the observed data is

required.

Under the above condition of � s�1/2�f, the ana-

lysis is not dif®cult even if we put a reference pan (an

empty pan) on the reference side. Because the thermal

Fig. 3. A model of a temperature-modulated calorimeter. To

deduce ambiguity in the measurement, only a pan containing a

sample is placed on the base plate at the sample side, but no pan on

the base plate at the reference side.
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contact conductance between the pan and the base

plate at the both sides are in®nite, the pan and the base

plate are uni®ed thermally. It makes possible to

replace such that C0 is composed of those of the

sample pan and the base plate and Cs is heat capacity

of a sample itself. Under such circumstances,

Eq. (16) is identical with those in the paper of Wun-

derlich et al. [6]. However, they did not take into

account the contribution of the heat capacity of the

base plate. We point out that in C0 the heat capacity of

the base plate should be included. Furthermore, it is

worth to point out that, since Eqs. (16) and (17) are

identical, without knowing the magnitude of C0

we can determine Cs(corrected) from Cs(measured)

and �±".
Finally, we should stress that the quantity K given in

Eq. (11) depends on frequency and temperature as

indicated in [4]. In the strict sense, K is not a constant

parameter. Then, it is better to leave K as a parameter

which should be precedently determined using a

standard sample, i.e., when we have to make a cali-

bration curve at a frequency and at a temperature.

2.4. Complex heat capacity

In the case when 2�f� s is neglected, i.e., � s is short

enough, complex heat capacity, Cs
0ÿiCs

00, can be

easily obtained from Ts0 and �T. Let us de®ne

C0s ÿ iC00s �
��������������������
C02s � C00s 2

q
exp�ÿi
� (18)

We obtain the following relations:

Cs�measured���������������������
C02s � C00s 2

p � 1

�1� �2�f �0�2�1=2
; (19)

sin�� ÿ "� 
� � 1

�1� �2�f �0�2�1=2
: (20)

In Eqs. (19) and (20), Cs(measured) and �0 are

given by Eqs. (11) and (15), respectively.

Practically, the procedure of the analysis is per-

formed as follows. We measure temperature depen-

dence of �ÿ" in a sample where heat capacity has

frequency dispersion. Its temperature dependence is

schematically shown in Fig. 4 and shows anomalous

behavior due to the frequency dispersion. On the other

hand, �ÿ"�
 is given by Eq. (20) and therefore, its

temperature dependence is normal. Outside the region

where the frequency dispersion of the heat capacity

takes place, �ÿ"�
 coincides with �ÿ" as seen in

Fig. 4. As a result, from the difference between

�ÿ"�
 and �ÿ", 
 is obtained. In addition, from

Cs(measured),
��������������������
C02s � C00s 2

p
is obtained using

Eqs. (19) and (20). Finally we obtain Cs
0ÿiCs

00 using

Eq. (18).

Furthermore, in the case when 2�f� s cannot be

neglected, i.e., � s is not short enough, the procedure

to obtain complex heat capacity is a little complicated.

In principle, we have to know C0, K and K0 in Eqs. (12)

and (13) precedently using a standard sample. Based

upon them, we can obtain the complex heat capacity

from the measurement of �ÿ" and Cs(measured).

However, the key point in this method is that K0 should

be determined within a smaller scatter.

3. Conclusions

Summing up the conclusions as follows:

1. There are several reasons that measured heat

capacity deviates from the true heat capacity. To

measure heat capacity within accuracy of 1% at

least the thickness of a sample should be less than

0.6/k.

2. First, a sample should be prepared so as to satisfy

the above thickness. There remain the other ori-

gins. These are for instance thermal contact con-

ductance between a sample and a sample pan and

also that between a sample pan and a base plate of

Fig. 4. Phase differences, �ÿ" and �ÿ"�
. Phase 
 is related to

the frequency dispersion of heat capacity, i.e., �ÿ" coincides with

�ÿ"�
 in the region of no frequency dispersion.
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an apparatus. To reduce these contributions it is

important to make the response times as short as

possible.

3. Heat capacity of a base plate of an apparatus should

be taken into account always in temperature-modu-

lated calorimetry. Especially it depends on fre-

quency (or period of modulation).

4. When we can ignore thermal contact conductance

between a sample pan and a base plate, i.e., the

thermal contact conductance is infinite, complex

heat capacity is derived in a simple method.
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